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Abstract

Collections of 1,000 elliptic curves E : y2 ≡ x3 + bx + c mod p were randomly

generated with parameters 1 ≤ b, c ≤ 10n and 3 < p ≤ 10n where p is prime for each

n = 1, . . . , 7. The �maximum distance� between any two adjacent points on each elliptic

curve was analyzed. Speci�cally, for each curve E, the maximum distance is de�ned as

max {|xi − xi+1| : i = 1, . . . ,m}, where we enumerate all unique x�coordinates of points
(x, y) in E in ascending order as x1, . . . , xm for some m ∈ Z+. Plotting the maximum

of the maximum distances of the 1,000 curves for each n against n gives a vaguely (log)

linear graph. However plotting instead the average of these maximum distances for each

n against n appears to give exactly a (log) linear graph. Moreover these graphs suggest

that the maximum distance between adjacent points on a curve grows very slowly.

1 Preliminaries

An elliptic curve E for this article is de�ned as the set of points

E = {(x, y) ∈ Zp × Zp : y
2 ≡ x3 + bx+ c mod p} ∪ {∞}

where:

1. b, c ∈ Zp and p > 3 is prime

2. ∞ is the point at in�nity

3. 4b3 + 27c2 6≡ 0 mod p

4. It is denoted as E : y2 ≡ x3 + bx+ c mod p

p > 3 is required so that the elliptic curves can be considered in the above Weierstrass form
of y2 ≡ x3 + bx+ c mod p. This is because the �nite �elds F2 and F3 are avoided, as well as
any other �nite �elds of characteristic 2 or 3 (see [1] p. 349 or [2] pp. 10�11 for more). (3) is
required so that E is nonsingular, i.e. that E has no multiple roots (see [1] pp. 359�360 for
more). From this point on, E denotes a curve as above. Moreover |E| denotes the cardinality
of E, i.e. the number of points including ∞.

Let X (E) denote the set of unique (�nite) x�coordinates of points on E:
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X (E) := {x ∈ Zp : ∃y ∈ Zp such that (x, y) ∈ E}

(For example, if E : y2 ≡ x3 + 4x+ 4 mod 5, then

E = {(0, 2) , (0, 3) , (1, 2) , (1, 3) , (2, 0) , (4, 2) , (4, 3) ,∞}

([1] pp. 352�353), and X (E) = {0, 1, 2, 4}.) Another bene�t of having p > 3 is the following.

Proposition 1 X (E) 6= ∅.

This is important because the algorithm for generating the random elliptic curves (section
(4)) depends on it, as well as the veri�cation of the results (section (5)). In order to prove
this, there are �rst some preliminaries. First, de�ne the function

L : P>3 → R, p 7→
⌈
p+ 1− 2

√
p
⌉

where P denotes the set of all primes. Then note the following.

Proposition 2 L is an increasing function.

Proof. Let p1, p2 be distinct primes greater than 3. Assume without loss of generality that
p1 < p2. Note that f (x) = x− 2

√
x is increasing on [5,∞), being continuous:

f ′ (x) = 1− 1√
x
> 0⇐⇒ x > 1

Hence, since f (pi) = pi − 2
√
pi, and since p1 < p2, therefore

p2 − 2
√
p2 ≥ p1 − 2

√
p1

This implies that

p2 + 1− 2
√
p2 ≥ p1 + 1− 2

√
p1

which implies that L (p2) ≥ L (p1). �

Proposition 3 |E| ≥ L (p).

Proof. Let the modulus of E be p. Recall Hasse's Theorem ([1] p. 354):

||E| − p− 1| < 2
√
p

This implies that

|E| − p− 1 > −2√p =⇒ |E| > p+ 1− 2
√
p

Since |E| is an integer, therefore the above implies that
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|E| ≥
⌈
p+ 1− 2

√
p
⌉
= L (p) �

Proof of Proposition 1. Let the modulus of E be p. It is su�cient to show that |E| > 1,
because this implies that E has a �nite point whose x�coordinate is then in X (E), thereby
showing X (E) 6= ∅. Recall that p > 3 by de�nition of E. Hence p ≥ 5. Since by Proposition
2, L is increasing, therefore

L (p) ≥ L (5) = d1.5e = 2

But by Proposition 3, |E| ≥ L (p), thereby showing |E| ≥ 2. �

2 Overview

A Python script diffstat �rst generates speci�ed amounts of elliptic curves (those as de-
scribed in this article) by randomly choosing coe�cients b, c and prime moduli p within
speci�ed ranges and making curves from them. Continuing, it then analyzes D (E) for each
generated curve E: the maximum distance between adjacent x�coordinates of points on E
(minus ∞).

Formally, let E0 be the set of all generated elliptic curves by a run (iteration) of diffstat,
and let E ∈ E0. De�ne

dE : X (E)×X (E)→ R, (u, v) 7→ |u− v|

Note that dE is easily a metric on X (E). Now sort X (E) in ascending order as x1, . . . , xmE

for some mE ∈ Z+ (recall X (E) 6= ∅ by Proposition 1, so having mE ∈ Z+ makes sense).
Now de�ne

DE0 : E0 → R, E 7→


max {dE (xi, xi+1) : i = 1, . . . ,mE − 1} mE ≥ 2

0 otherwise

diffstat computes M (E0), where, in letting E be the family of all �nite, nonempty sets of
elliptic curves (described in this article),

M : E→ R, E 7→ max {DE (E) : E ∈ E}

the maximum of the maximum distances for each generated curve, and it also computes
Mavg (E0), where

Mavg : E→ R, E 7→
∑

E∈E DE (E)

|E|

the average of these maximum distances, where |E| denotes the cardinality of E .
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3 Results

diffstat was used to generate a collection En of 1,000 random (and so not necessarily unique)
elliptic curves (so |En| ≤ 1000, due to possible duplicated curves) with coe�cients (b, c) in
the inclusive range of 1 to 10n, and prime moduli (p) in the same range except strictly bigger
than 3, for n = 1, . . . , 7. Two iterations (runs) of this was done for each n. The results are
as follows:

n M (En) Mavg (En)
1 4 2.029
2 14 5.083
3 17 8.23
4 23 11.695
5 24 15.143
6 27 18.386
7 35 21.704

Table 1: Iteration 1

n M (En) Mavg (En)
1 4 1.967
2 13 5.183
3 20 8.467
4 22 11.667
5 28 15.017
6 28 18.294
7 33 21.68

Table 2: Iteration 2

Graphically (generated using matplotlib):
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Figure 1: Mavg (En) for n = 1, . . . , 7, for iterations 1 and 2

Figure 2: M (En) for n = 1, . . . , 7, for iterations 1 and 2
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Hence Figure 1 illustrates a (log) linear graph, while Figure 2, although roughly appearing
(log) linear, does not exhibit clear behaviour. These results are motivated with a further 8
iterations with same results (see Figures 3 and 4 in section (5)). However these iterations
ran only up to n = 6 rather n = 7, i.e. 1 ≤ n ≤ 6 rather 1 ≤ n ≤ 7 (this was due to the
n = 7 computations taking a very long time). Also see section (5) for further veri�cation of
the obtained data (e.g. ensured randomness of curves).

Since the various iterations gave approximately the same results, therefore in using the
data from just Table 1, an idea of what the slope of the line in Figure 1 can be obtained,
assuming the suggested linear nature. Speci�cally,

6∑
n=1

Mavg (En+1)−Mavg (En)

6
≈ 3.279

so maybe, in using the equation y − y1 = m (x− x1),

A (n) := 3.279n+ (−3.279 · 1 + 2.029)

= 3.279n− 1.25

≈ Mavg|{En:n=1,...,7} (En)

(n is an integer indicating the coe�cient/prime moduli range). The following is then prompted:

Conjecture 1 Mavg (En) �approximately� grows linearly with n. That is, Mavg|{En:n∈Z+} is
�approximately� linear with respect to n, where En for n > 6 or 7 would be generated the
same way.

Conjecture 2 De�ne (just here) En to instead be all curves E : y2 ≡ x3 + bx+ c mod p for
b, c, p in the described ranges for n (rather only 1,000 random ones). Then Mavg|{En:n∈Z+} is
linear with respect to n. Furthermore, A �approximates� it.

It is also important to note that Figure 2 suggests that M (En) grows slowly with n. That
is, the maximum distance between points on elliptic curves seems to grow fairly slow as the
prime modulus (and coe�cients) grow. For example, with prime moduli in the range 1 to a
million, these distance are bounded by 28. And about 30% of each iteration has curves with
prime modulus at least 500,000 (so it was not the case that all the generated curves happened
to have small prime modulus). Hence it appears that elliptic curves are quite �dense.�

Question 1What behaviour does M |{En:n∈Z+} have, with En as originally, or as in Conjecture
2?
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4 The Curve Generating Algorithm

4.1 Parameters De�ned

Cmin, Cmax,Pmin,Pmax, N are de�ned as positive integers, where Cmin and Cmax are the inclu-
sive minimum and maximum values the coe�cients b, c of the generated curves are allowed
to take on, Pmin and Pmax are likewise for the prime moduli p, and N is the number of curves
to be generated. It is assumed that Pmin > 3.

4.2 Generating the Random Curves

For each 1 ≤ j ≤ N , cj, bj are taken to be random integers such that Cmin ≤ cj, bj ≤ Cmax,
and pj is taken to be a random prime such that Pmin ≤ pj ≤ Pmax. Then

Ej : y
2 ≡ x3 + bjx+ cj mod pj

is taken as a generated curve provided it is nonsingular, i.e. that 4bj
3 + 27cj

2 6≡ 0 mod pj.
If it is singular, then the procedure is attempted again to generate a nonsingular Ej. Let

E0 = {Ej : 1 ≤ j ≤ N}

4.3 Calculating DE0 (Ej), M (E0) and Mavg (E0)
To calculateDE0 (Ej) for each j, �rst the increasingly ordered, unique x�coordinates x1, . . . , xm

form ∈ Z+ of the points on Ej are obtained. This is done by calculating the Legendre Symbol
of x3 + bjx+ cj mod pj with respect to pj for all x ∈ Zpj :

• If it equals 0, then x3 + bjx + cj is a multiple of pj, in which case it is congruent to 0
mod pj, meaning 02 is congruent to it and hence lies on Ej. So x ≡ 0 is taken as such
an x�coordinate.

• If it equals 1, then x3+bjx+cj is a quadratic residue of pj, and hence is an x�coordinate
of a point on E. So, x is also taken in this case.

• If it equals −1, then x is not taken.

Then DE0 (Ej) is calculated. Finally M (E0) and Mavg (E0) are calculated. (See section (2)
for de�nitions of DE0 , M , and Mavg.)

5 Additional Data and Veri�cation

Recall that the results described at the beginning of section (3) (so Figures 1 and 2) were from
two iterations of diffstat. A further eight iterations were done, with the only di�erence
being that 1 ≤ n ≤ 6 instead of 1 ≤ n ≤ 7. The following graphs illustrate this data. Note
that Figure 3 shows that all the iterations produce essentially the same results. Continuing,
Figure 4, in di�erence, shows the iterations provide slightly di�erent results, but an overall
rough (log) linear graph is still suggested as noted in section (3).
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Figure 3: Mavg (En) for n = 1, . . . , 6, for iterations 1�10

Figure 4: M (En) for n = 1, . . . , 6, for iterations 1�10
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It is important to note that the generated curves are su�ciently random so that the above
graphs are general results (e.g. to rule out the possibility that one batch of curves was
su�ciently repeated in all iterations and happened to produce the above graphs).

Speci�cally, extend the notation of En (as in section (3)) to En,i where En,i is the collection
En as before, except for the i-th iteration (so i ranges between 1 and 10). Moreover the
following sections ((5.1) and (5.2)) that prove the randomness of the curves uses the notion
of curve equality which is that two curves

E1 : y
2 ≡ x3 + b1x+ c1 mod p1 and E2 : y

2 ≡ x3 + b2x+ c2 mod p2 (*)

are equal i� p1 = p2, b1 ≡ b2 mod p, and c1 ≡ c2. (Recall that in this article it is always
assumed that p1, p2 > 3.) It turns out that this notion is equivalent to the standard notion
of equality (the points are the same). That is:

Proposition 4 Let E1, E2 be two elliptic curves (as in (*)) such that |E1| , |E2| > 3. Then
E1 = E2 (in terms of the standard equality) i� p1 = p2, b1 ≡ b2 mod p, and c1 ≡ c2.

To see this, �rst note that the following turns out to be true:

Proposition 5 Let E1, E2 be two elliptic curves (as in (*)). If p1 6= p2, then E1 6= E2 (in
terms of the standard equality).

In addition to the above proposition, there is the following.

Proposition 6 Let E1, E2 be two elliptic curves (as in (*)) that share a prime modulus of
p (so p1 = p = p2). Suppose E1 = E2. Then the following are true.

1. If b1 ≡ b2 mod p, then c1 ≡ c2

2. If c1 ≡ c2 and |E1| > 3, then b1 ≡ b2

3. If b1 6≡ b2 and c1 6≡ c2, then E1 =

{
∞,

(
c2 − c1
b1 − b2

, y0

)
,

(
c2 − c1
b1 − b2

,−y0
)}

Proof. Recall that p > 3 by assumption. Then by Proposition 1 there exists (x0, y0) ∈ E1 =
E2 (�nite). This means that

y0
2 ≡ x0

3 + b1x0 + c1 mod p and y0
2 ≡ x0

3 + b2x0 + c2

Hence

b1x0 − b2x0 ≡ c2 − c1 ⇐⇒ (b1 − b2)x0 ≡ c2 − c1 (*)

Consequently if b1 ≡ b2, then 0 ≡ c2 − c1, i.e. c1 ≡ c2, thereby showing (1).
Suppose instead that c1 ≡ c2, so that (b1 − b2)x0 ≡ 0. Since work is being done in Zp,

a �eld, therefore it is necessary that b1 ≡ b2 or x0 ≡ 0. Suppose moreover that |E1| > 3.
Recall that since (x0, y0) ∈ E1, therefore (x0,−y0) ∈ E1. Hence with only x0, E1 has at
most 3 points (including ∞). Consequently it is then necessary that ∃x1 ∈ X (E1) such that
x1 6≡ x0. Now suppose x0 ≡ 0. This means that x1 6≡ 0. Just as in constructing (*), it is also
true that
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(b1 − b2)x1 ≡ c2 − c1

Since c1 ≡ c2 still, again this means that either b1 ≡ b2 or x1 ≡ 0. Since the latter is not
true, therefore it is necessary that b1 ≡ b2. Also, if x0 6≡ 0, then b1 ≡ b2 too. Consequently
(2) is shown.

Now suppose that b1 6≡ b2 and that c1 6≡ c2. Then b1− b2, c2− c1 ∈ Zp−{0}. Again since
Zp is a �eld, therefore b1− b2 has a multiplicative inverse mod p. Hence (*) is equivalent to

x0 ≡
c2 − c1
b1 − b2

Note that this implies x0 6≡ 0. Moreover note that this is a constant value. Hence, since this
argument works ∀x ∈ X (E1) (not just x0), X (E1) = {x0}. Consequently

E1 = {∞, (x0, y0) , (x0,−y0)} �

Proof of Proposition 4. Suppose E1 = E2 (in terms of the standard equality). Then by
Proposition 5 it is necessary that p1 = p2. Then by Proposition 6, it is clear that either
b1 ≡ b2 and c1 ≡ c2, or the curves are of the form given in (3). But this case is impossible
because |E1| > 3.

Conversely, suppose that p1 = p2, b1 ≡ b2, and that c1 ≡ c2. Then clearly E1 = E2 (in
terms of the standard equality). �

5.1 Duplicates Within Iterations

Let, for 1 ≤ i ≤ 10,

E i :=
6⋃

n=2

En,i

the collection of all generated curves for coe�cient and prime modulus ranges 2 ≤ n ≤ 6 for
the i-th iteration. Note that n = 1 is not used, only because the possible variety of curves
for this n is small (speci�cally only at most 10× 10× 2 = 200) (why this is important is seen
in later). Also, note that the E7 (which only the �rst two iterations had) were not used.
E i, being a set, collects only the unique curves generated for the i-th iteration. Hence∣∣E i∣∣ is the amount of unique curves generated. Note that

∣∣E i∣∣ ≤ 5 · 1000 = 5000 because

each E i is a union of �ve En, each of which has at most 1,000 (unique) curves (since 1,000 are
generated, but they may not all be unique). Consequently, comparing these numbers shows
how many curves are duplicated in their generation. It was calculated that

min
{∣∣E i∣∣ : 1 ≤ i ≤ 10

}
= 4994

so that at minimum 99.88% of the curves in an iteration are unique. Hence the generated
curves within an iteration are su�ciently random.
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5.2 Pairwise Duplicates Between Iterations

Assume the notation from section (5.1). Consider

max
{∣∣Ei ∩ E j∣∣ : 1 ≤ i, j ≤ 10 and i 6= j

}
(*)

the maximum amount of curves that are similar between any two iterations. This was
computed in a Python module curvecompare. Speci�cally, curves were considered as tuples
(b, c, p), and equality between curves was determined component-wise, i.e. what is stated in
Proposition 4. (Computationally this method was desirable.) Of course, in order to use the
equivalence asserted by Proposition 4 it is required that the moduli be greater than 3, and
that the curves have at least 4 points (including∞). The former is true by construction (see
section (3)). For the latter, note that Proposition 3 in section (1) guarantees curves with
modulus at least 11 to satisfy this:

#points ≥ L (11) = 6, while L (7) = 3 (too small)

Only 515 of the 49,968 total unique curves considered (
⋃10

i=1 E i) have prime modulus less than
11, i.e. only about 1%. Moreover these special curves were fairly evenly spread through all
the iterations (e.g. it was not one iteration that had all of them). Consequently, assuming
that all curves considered (

⋃10
i=1 E i) have greater than 3 points results in a negligible possible

error. In this assumption the equivalence of Proposition 4 is gained, and hence the following
results are valid.

(*) was calculated to be 12. To put this in perspective, it was also calculated that the∣∣E i∣∣ ≥ 4994, where the
∣∣E i∣∣ ≤ 5 · 1000 = 5000 (noted in section (5.1)). So essentially at most

about 0.24% of the curves are shared between any two iterations. Hence the curves between
iterations are su�ciently random.
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